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ABSTRACT 

The p e r t u r b a t i o n  theory of the constrained v a r i a t i o n a l  

method i s  appl ied t o  a c a l c u l a t i o n  on t h e  l i t h ium hydride 

molecule by Browne and Matsen . 7 The changes i n  va r ious  

p r o p e r t i e s  on c o n s t r a i n i n g  the expec ta t ion  va lues  of  f o r c e  

and v i r i a l  ope ra to r s  t o  vanish are ca l cu la t ed .  It i s  shown 

t h a t  t h e  p e r t u r b a t i o n  s e r i e s  converge very r ap id ly ,  s o  t h a t  

only t h e  leading terms a r e  required.  However, i n  t h i s  

p a r t i c u l a r  case the  imposit ion of t he  c o n s t r a i n t s  has a 
- 
n e g l i g i b l e  e f f e c t  on the  ca l cu la t ed  p r o p e r t i e s .  
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INTRODUCTIOW 

It i s  we l l  known t h a t  i f  the e r r o r  i n  a v a r i a t i o n a l l y  

determined wave func t ion  i s  of order , then whereas the  

energy i s  c o r r e c t  t o  order  A , the e r r o r  i n  t h e  expec ta t ion  

va lues  of other  opera tors  (except cons tan ts  of motion) i s  of 

order b . An i n t e r e s t i n g  approach introduced by Mukherji 

h 
2 

3 

and Karplus' and developed r e c e n t l y  by Whitman and h i s  c o l l a b o r a t o r s  2 , 3  

i s  t o  c o n s t r a i n  the  v a r i a t i o n a l  wave func t ion  t o  g ive  t h e  known 

t h e o r e t i c a l  or experimental  value 

of some opera tor  & . 
amount of energy hE, but  i f  the d i f f e r e n c e  A r  between )A and 

the  f r e e  v a r i a t i o n a l  va lue  of (A> i s  small, then bE w i l l  only 

be of order A#' . On the  other hand, t he  expec ta t ion  value @> 
of another operator  2 
of order +. i n  general .  

for  t he  expec ta t ion  va lue  <A\ r- 
This c o n s t r a i n t  w i l l  c o s t  a c e r t a i n  

of i n t e r e s t  w i l l  change by an  amount hL 

I f  t he  approximate v a r i a t i o n a l  wave func t ion  i s  a f a i r l y  

good one, s o  t h a t  Ap 

i s  ind ica t ed ,  and has  been formuiaied b y  U L I ~  ~ r '  US 

which w i l l  be r e f e r r e d  t o  as I . This approach leads  t o  

expressions fo r  A E and A L  a s  power s e r i e s  i n  bp , which 

may hopefu l ly  be approximated adequately by the  lead ing  terms, 

or t runca ted  a f t e r  the  f i r s t  few terms. The ex tens ion  of t he  

theory t o  the  imposi t ion of more than one c o n s t r a i n t  i s  a l s o  

i s  indeed small, a pe r tu rba t ion  approach 

4 .  
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given i n  I . 
The r e s u l t s  of applying c o n s t r a i n t s  t o  c a l c u l a t i o n s  on 

1 3 
hydrogen f l u o r i d e  , l i t h ium hydride2 and helium 

encouraging. I n  paper I t h e  p e r t u r b a t i o n  approach was t e s t e d  

on t h e  l i thium hydride c a l c u l a t i o n o f  Robinson , which w a s  used 

by Ras i e l  and Whitman. It w a s  found t h a t  the p e r t u r b a t i o n  s e r i e s  

d i d  not converge very r a p i d l y  i n  t h i s  case.  

c o n s t r a i n t  c a l c u l a t i o n s  have been repeated r e c e n t l y  us ing  an 

improved technique i n  the d i r e c t  c a l c u l a t i o n  and extending the  

pe r tu rba t ion  c a l c u l a t i o n .  It was concluded t h a t  t h e  p e r t u r b a t i o n  

approach i s  t o  be recommended for  c o n s t r a i n i n g  v a r i a t i o n a l  

treatments employing l a r g e  b a s i s  se ts .  

have been 

5 

The l i t h i u m  hydride 

6 

The o b j e c t  of t h e  present  paper i s  t o  apply t h e  p e r t u r b a t i o n  

theory of c o n s t r a i n t s  t o  an accu ra t e  v a r i a t i o n a l  c a l c u l a t i o n  by 

Browne and Matsen’ on the  ground s t a t e  of t he  l i t h ium hydride 

molecule us ing  a 28-term wave funct ion.  

THEORY 

The theory upon which the c o n s t r a i n t  c a l c u l a t i o n s  a r e  based 

has  been given i n  paper I I The b a s i c  equat ions f o r  t h e  changes 

b E and h L due  t o  t h e  c o n s t r a i n t  (cdc-a>> = 0 are  
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k = I  

where i s  an a u x i l i a r y  parameter given by the  smal les t  

r o o t  of 

where 

i s  the  dev ia t ion  of t he  expec ta t ion  value of fi i n  t he  

unconstrained t reatment  from the t h e o r e t i c a l  va lue  . The 

c o e f f i c i e n t s  i n  Eqs. (2)  and (3) a r e  the  pe r tu rba t ion  

ene rg ie s  fo r  t h e  p e r t u r b a t i o n  of t he  Hamiltonian 70- of t he  

system by the  operator  (&-/A) , ca lcu la t ed  wi th in  the  b a s i s  

of e igenfunct ions  of t he  f r e e  v a r i a t i o n a l  approximation. The 

c o e f f i c i e n t s  E'''"' a r e  s i m i l a r l y  the  ene rg ie s  fo r  the  double 

pe r tu rba t ion  of % by the  opera tors  2 and A y r e s p e c t i v e l y  . 

E C 4  

.I 

8 

I f  two c o n s t r a i n t s  



are  imposed, t he  corresponding equat ions are  

n=o b h = O  

where h l a d  AAare the  sma l l e s t  r o o t s  of t h e  simultaneous 

c o n s t r a i n t  equat ions 

ECk,”’ 
The double pe r tu rba t ion  energ ies  a r e  f o r  &e per tu rba t ion  

pe r tu rba t ion  ene rg ie s  fo r  opera tors  2 
r e  spec t ive l y  . 

, ( A t  -p,) and (& - i ~ )  



UNCONSTRAINED TREATMENT 

The treatment of l i t h ium hydride t o  which t h e  foregoing 

theory has been appl ied  i s  described i n  the  paper' by Browne 

and Matsen, t o  which we refer for f u l l  d e t a i l s .  The v a r i a t i o n a l  

wave func t ion  was a l i n e a r  combination of 28 terms' wi th  'E+ 
symmetry, each term be ing  b u i l t  from four o r b i t a l s  chosen from 

a mixed s e t  of S l a t e r - t y p e  and simple e l l i p t i c  o r b i t a l s .  The 28 

c o e f f i c i e n t s  a t  t he  ca l cu la t ed  equi l ibr ium d i s t a n c e  were computed 

fo r  us  by Professor  F. A. Matsen and Mr. C. E .  Rodriquez of the  

Univers i ty  of Texas, and a r e  given i n  the  appendix. 

The r e s u l t s  of t h e  f r e e  v a r i a t i o n a l  t rea tment  a r e  very  good. 

The ca l cu la t ed  equi l ibr ium dis tance ,  energy and d ipo le  moment a r e  

3.046 Bohrs - 8.055841 Hartrees  and 5.889 Debyes, compared wi th  

t h e  experimental  va lues  3.013, -8.0703 and 5.882. However, t he  

expec ta t ion  va lue  of the t o t a l  force  on the  n u c l e i  i s  no t  ze ro  

b u t  0.014 a.u.,9 and a s  the  wave func t ion  was not  sca led  the  v i r i a l  

theorem i s  not  e x a c t l y  s a t i s f i e d .  It i s  t h e r e f c r e  of i n t e r e s t  

t o  see what changes r e s u l t  from imposing c o n s t r a i n t s  on t h e  force  

and v i r i a l  ope ra to r s ,  al though the  changes may be expected t o  

5 

be small. 



CONSTRAINTS 

Three independent t h e o r e t i c a l  c o n s t r a i n t s  were considered, 

based on the Hellmann-Feynman and v i r i a l  theorems. 

t o  the former t h e  expec ta t ion  values  of t he  fo rce  ope ra to r s ,  

According 

and FH , fo r  the n u c l e i  of LiH should vanish i n  the  

equi l ibr ium conf igu ra t ion .  

(atomic u n i t s )  

These ope ra to r s  may be defined by 

k T L =  -3/R2 t 3ZcaJ€3JrjL , 
3 = '  

Y 

where force i s  p o s i t i v e  i n  the d i r e c t i o n  L i  + H , 8 i s  

the  angle jLH and 0 i s  the  supplement of L j H L .  The 

expectat ion value of the t o t a l  fo rce  

j L  

j H  

3 = J-,+3, 

should vanish fo r  a l l  conf igu ra t ions .  

t he  operator 

The expec ta t ion  value of 
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where l S  t h e  k i z e t i c  energy operator ,  should vanish f o r  t he  

equ i l ib r ium conf igu ra t ion  according t o  t h e  v i r i a l  theorem. 

t h a t  i f  t h e  f r e e  v a r i a t i o n a l  wave funct ion was scaled,  then <?> 
would vanish automatical ly .  

Note 

I n  t h i s  work the  s i n g l e  c o n s t r a i n t s  3, FL, FH and and 

t h e  four p a i r s  of double c x s t r a i n t s  

and &2/3 were appl ied.  

t h e p ’ f  are  zero. 

eL,Xfi), (yL ,y ) ,  (%,v) 
I n  all c a s e s  t h e  t h e o r e t i c a l  va lues  of 

CONSTRAINED CALCULATIONS 

(H) I n  order  t o  eva lua te  the  pe r tu rba t ion  c o e f f i c i e n t s  E , 
E ( E y n )  , E(”n’m) i t  i s  necessary t o  know a l l  t he  28 e igenfunct ions 

and eigenvalues  of t he  secu la r  equations a s soc ia t ed  wi th  t h e  f r e e l y  

v a r i e d  t r i a l  wavefunction. These unconstrained b a s i s  e igenfunct ions 

and eigenvalues had not  been obtained a t  t he  c a l c u l a t e d  equ i l ib r ium 

d i s t a n c e ,  and were computed f o r  u s  by Professor F. A. Matsen and 

M r .  C .  E.  Rodriquez. The matrix elements of t he  c o n s t r a i n t  and 

p rope r ty  ope ra to r s  i n  the unconstrained b a s i s ,  Which occur i n   he 

expressions f o r  

f o r  u s  by D r .  J. C. Browne and M r .  C .  E.  Rodriquez. 

E(n )  , e t c . ,  given i n  paper I, were also computed 

Considerable a t t e n t i o n  was paid t o  the  convergence of t he  

p e r t u r b a t i o n  series for  AE, AL, etc .  

simple leading approximations presented i n  paper I were e n t i r e l y  

adequate. This  can be seen f r 3 m  the following d e t a i l e d  resu l t s  f o r  

However, i n  a l l  ca ses  t h e  



two cases.  

S ing le  Constraint :  T o t a l  Force 

I f  d = F, t h e  t o t a l  force operator ,  the pe r tu rba t ion  energy 

c o e f f i c i e n t s  E(1) t o  E(5) (Hartrees) a r e  0.0143258, -17.3975, 

-0.849213, -0.0149703, 0.167555. By i n v e r t i n g  Eq. ( 3 )  t o  give 

i n  powers of A/A 

h = 4.11721 x 

one g e t s  

-13 - 1.24 x - 1 .20  x lo-’ - 2.5 x 10 + O (  A5), 
-4 

= 4.11708 x 10 . 
The f i r s t  t e r m  i s  thus s u f f i c i e n t .  When A i s  s u b s t i t u t e d  i n t o  

Eq. (1) it becomes 

AE = 5.8980 x - 2.9489 x - 5.93 x 

-4.30 x 4- 1.98 x + O (  ) r 6 )  

= 2.949 x Hartrees  

10 The leading approximation, c o n s i s t i n g  of t he  f i r s t  two terms , 
i s  the re fo re  s u f f i c i e n t .  The series ( 2 )  a l s o  converges r a p i d l y .  

For example, when 2 i s  the  d i p o l e  moment operator ,  

bL = -1.2097 x + 9.96 x + 1.08 x lo-’ + O( A’) 
- 3  

= -1.2087 x 10 a .u .  

Double Constraint :  Force and V i r i a l  

When dc, = 3. and A%=? , Eq. (6) f o r  the c o s t  i n  energy of 

the double c o n s t r a i n t  i s  
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h E = 5.8899 x + 4.373 x 
-2.9408 x 

-5.90 x 10'" - 1.82 x lo-' + 8.91 x 
- 4.48 x lo-' - 2.154 x 

-11 - 7.03 x 10 

+ 0 ( x4> 
-6 = 3.1646 x 10 Har t rees  

Here again,  t he  leading approximation'' i s  s u f f i c i e n t .  

convergence of t h e  s e r i e s  (7) may be i l l u s t r a t e d  for 2 =FL , 
t he  fo rce  on t h e  L i  nucleus:  

The 

A F ~  = -1.41610 x + 2.79 x lo-' 

-6.64 x - 8.79 x + 1.30 x + O( x 3 )  

= -1.4142 x a .u .  

I f  t he  fo rce  F on the proton i s  a l s o  ca l cu la t ed  through terms of H 
2 order  A ,  al though F and FL a r e  of order  , t he  sum 

F + FL i s  of order  , thus checking t h a t  t he  imposed 

H 

H 

c o n s t r a i n t  <3> = 0 has been s a t i s f i e d .  

RESULTS 

The r e s u l t s  f o r  t he  var ious s i n g l e  and double c o n s t r a i n t s  

a r e  summarized i n  Tables  I and 11. It can be seen t h a t  t h e  

s a c r i f i c e  i n  energy i s  p r a c t i c a l l y  n e g l i g i b l e  i n  a l l  cases ,  

of order  Har t rees  or less. On t h e  o ther  hand, a l though 

the  c o n g t r a i n t s  undoubtedly improve the  wave func t ion  s l i g h t l y ,  
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t he  e f f e c t  on the  ca l cu la t ed  d ipo le  moment i s  almost n e g l i g i b l e .  

This i s  not  su rp r i s ing ,  s ince  t h e  unconstrained va lue  i s  a l r eady  

S O  c l o s e  t o  the experimental .  

ca lcu la ted  value i s  s t a b l e .  

However, i t  does i n d i c a t e  t h a t  t h e  

It i s  i n t e r e s t i n g  t o  observe t h a t  t he  fo rce  and v i r i a l  c o n s t r a i n t s  

a r e  p r a c t i c a l l y  independent. (7.) does not  change when d = 7 ,  
and Lz? does not  change when dc = ‘;t” . 
cons t r a in t s ,  t h a t  of t h e  t o t a l  force  appears  t o  be s l i g h t l y  supe r io r ,  

and leads t o  a d ipo le  moment nearer  t h e  experimental  va lue  . 
Among the double cons t r a in t s ,  t he  p a i r  

mos t s a t  i s  f ac to ry  . 
I n  Table 111 the  unconstrained and constrained va lues  of 

Among t h e  s i n g l e  

1 2  

3 and 7 appear t o  be 

var ious  p rope r t i e s  a r e  l i s t e d  for  the  s i n g l e  c o n s t r a i n t  d- = 

and the  double constraints, = 

are  e s s e n t i a l l y  t h e  expec ta t ion  va lues  of r , r 
- 3  13 and V P (cos e )  fo r  one o r  bo th  n u c l e i  . W e  have presented 

them i n  the form of the following phys ica l  p r o p e r t i e s  (defined i n  

and A2 = 7” . The p rope r t i e s  

2 -1 2 , r P2(cos 0 )  

2 

terms of atomic u n i t s ) :  

a )  Diamagnetic con t r ibu t ion  t o  suscep t ib i l i t y  a t  nucleus A, 

where o( i s  the  f i n e  s t r u c t u r e  cons tan t  Iz 
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b )  Diamagnetic con t r ibu t ion  t o  s h i e l d i n g  cons tan t  of nucleus A, 

c )  E l e c t r i c a l  quadrupole moment wi th  r e s p e c t  t o  c e n t r e  of 

mass C, 

where 0 = j C H  jc 

d )  E l e c t r i c  f i e l d  grad ien t  a t  L i  nucleus,  

It i s  somewhat s u r p r i s i n g  t o  find t h a t  t he  cons t ra ined  va lues  do not  

d i f f e r  s i g n i f i c a n t l y  from the  free v a r i a t i o n a l  va lues  f o r  any of 

t h e  p rope r i i aa  l i s t e d .  

d i f f e r e n t  kinds of cons t r a inG suggests  t h a t  they a r e  indeed 

r a t h e r  accura te .  

The c t a h i l i t v  of t he  expec ta t ion  va lues  t o  



. .  

1 2  

CONCLUSION 

The main conclusion t o  be drawn from t h i s  paper i s  t h a t  the  

e f f e c t  of t h e o r e t i c a l  c o n s t r a i n h o n  good approximate wave funct ions 

can be ca lcu la ted  r a t h e r  e a s i l y  from the  leading terms of a 

per turba t ion  t reatment .  

can be r ead i ly  obtained by a s l i g h t  extension of t he  main computer 

The q u a n t i t i e s  requi red  f o r  t h e  c a l c u l a t i o n  

programme. 

7 The o ther  conclusion i s  t h a t  s ince  t h e  Browne and Matsen wave 

func t ion  for  L iH i s  almost immune t o  improvement by two d i f f e r e n t  

types of c o n s t r a i n t ,  i t  must be r a t h e r  good. 
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fo r  our ca l cu la t ions .  



s .  

APPENDIX 

13 

7 The wave func t ion  used by Browne and Matsen i n  t h e i r  

v a r i a t i o n a l  c a l c u l a t i o n  of the  ground s t a t e  of LiH has the  form 

28 

where the  a r e  4-e lec t ron  terms wi th  'z symmetry. Browne 
J 

and Matsen quoted the  ground s t a t e  c o e f f i c i e n t s  c for  R = 3.0 

Bohr, bu t  no t  fo r  t he  in t e rpo la t ed  equi l ibr ium sepa ra t ion  

j 

Re(ca lc . )  = 3.046. The c o e f f i c i e n t s  a t  t h e  ca l cu la t ed  Re have 

been computed by Matsen and Rodriquez, and a r e  given i n  Table A. 

The numbering i s  i d e n t i c a l  t o  t h a t  i n  Table 11, p. A 1 2 2 9  of 

r e fe rence  7, so t h a t  t he  term des igna t ion  has n o t  been repea ted .  

The o r b i t a l  exponents were the same as those given i n  Table I V  

of r e fe rence  7, fo r  R = 3.0 . 
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1 7  

3 -1 lo6  3((Li>d , cm mole 

lo6 x ( H ) ~  , cm3 mole -1 

6-(HId , PPm 

Molecular quadrupole 
moment (Buckinghams) 

E l e c t r i c  f i e l d  gradient 
%(Li)  (a .u . )  

TABLE 111 

14 
OTHER PROPERTIES 

Free 
Variation d( = ?  

-21.1731 -21.1719 -21.1699 

- 24.6905 -24.6953 -24.6943 

107.751 107.752 107.768 

39.220 39.218 39.220 

-4.1488 -4.1468 -4.1458 

-0.038765 -0.038914 -0.038923 

. 



TABLE A 

Wave function coef f ic ien ts ,  

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

1 2  

13 

14 

+O. 12748 

-0.11210 

+O. 15574 

-0.01442 

+O. 01379 

+O. 02287 

+O. 00530 

+O. 00331 

-0.00331 

+O. 00466 

-0.00462 

-0.00057 

2.5cllgg 

-0.00327 

. #  

18 

R = Re(calc) = 3.046 Bohr 

15 

16 

1 7  

18 

19 

20 

2 1  

22 

23 

24 

25 

26 

27 

28 

-0.00039 

-0.00023 

-0.07270 

-0.02977 

+O. 10016 

-0.25955 

-0.00217 

+O. 00216 

-0.01501 

+O .15 098 

-0.04601 

+O. 13318 

-0.03624 

-0.00101 


